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Introduction
In nonlinear functional analysis, one of the most significant research areas is fixed point theory. On the other hand, fixed point theory has an application in distinct branches of mathematics and also in different sciences, such as engineering, computer science, economics, etc. In , Banach proved that every contraction in a complete metric space has a unique fixed point. Following this celebrated result, many authors have generalized, improved, and extended this result in the context of different abstract spaces for various operators.
On the other hand, several classical fixed point theorems and common fixed point theorems have been recently unified by considering general contractive conditions expressed by an implicit relation (see Popa [, ] ). Following Popa's approach, many results on fixed point, common fixed points, and coincidence points have been obtained, in various ambient spaces (see [-] , and references therein). On the other hand, Samet et al. [] introduced and studied α-ψ -contractive mappings in complete metric spaces and provided applications of the results to ordinary differential equations. More recently, Salimi et al. [] modified the notions of α-ψ -contractive and α-admissible mappings and established fixed point theorems to modify the results in [] . For more details and applications of this line of research, we refer the reader to some related papers [-] and references therein. In this paper, we introduce the concept of an α  -proximal admissible mappings and establish the existence of best proximity point theorems for implicit relation type modified α  -proximal contractions. As applications of our theorems, we derive some new best proximity point results for implicit relation type contractions whenever the range space ©2014 Zabihi and Razani; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.journalofinequalitiesandapplications.com/content/2014/1/365
is endowed with a graph or with a partial order. The obtained results generalize, extend, and modify some best proximity point results in the literature.
Main results
Let A and B be two nonempty subsets of metric space (X, d) and T : A → B be a nonself mapping. We say that x * is a best proximity of T if We define A  and B  as follows: We denote by Ψ the set of all nondecreasing functions ψ : [, +∞) → [, +∞) such that ∞ n= ψ n (t) < +∞ for all t > , where ψ n is the nth iterate of ψ .
Let F be the set of all continuous functions F : R  + → R satisfying the following assertions:
where L ≥  and ψ ∈ Ψ . Then F ∈ F .
Example  Let
where a + b + c + d < . Then F ∈ F .
Definition  Let A, B be two nonempty subsets of a metric space (X, d) and α : A × A → [, +∞) be a function. We say that a nonself mapping T : A → B is α  -proximal admissible http://www.journalofinequalitiesandapplications.com/content/2014/1/365
Definition  Let A and B be nonempty subsets of a metric space (X, d) and α : A × A → [, ∞) be a function. Then T : A → B is said to be an implicit relation type modified
where L ≥  and F ∈ F .
Definition  Let (X, d) be a metric space and A and B be two nonempty subsets of X. Then B is said to be approximatively compact with respect to A if every sequence {y n } in B,
for some x in A, has a convergent subsequence. 
Theorem  Let
Then T has a best proximity point. Further, the best proximity point is unique if
On the other hand, T(A  ) ⊆ B  , then there exists x  ∈ A  such that Now, since T is α  -proximal admissible, we have
Hence,
Then we have
Again, since T is α  -proximal admissible, we obtain
Also, there exists x  ∈ A  such that
and hence
By continuing this process, we construct a sequence {x n } such that
for all n ∈ N. Now, from (.) with u = x n , v = x n+ , x = x n- , and y = x n , we get
On the other hand from (.) we obtain
and so from (F) we get
By induction, we have
Let m, n ∈ N with m > n ≥ N . Then by the triangular inequality, we get
Consequently lim m,n,→+∞ d(x n , x m ) = . Hence {x n } is a Cauchy sequence. Since A is complete, there is z ∈ A such that x n → z. Since T is continuous, Tx n → Tz as n → ∞. Hence,
Thus z is the desired best proximity point of T. Let x, y ∈ A be two best proximity point of T such that
which is a contradiction to (F). Hence, T has a unique best proximity point.
Theorem  Let A, B be two nonempty subsets of a metric space (X, d) such that A is complete, B is approximatively compact with respect to A, and A  is nonempty. Assume that T : A → B is an implicit relation type modified α
 -proximal contraction such that the following conditions hold: http://www.journalofinequalitiesandapplications.com/content/2014/1/365
Then T has a best proximity point. Further, the best proximity point is unique if
Proof Following the proof of Theorem , there exist a Cauchy sequence {x n } ⊆ A and z ∈ A such that (.) holds and x n → z as n → +∞. On the other hand, for all n ∈ N, we can write
Taking the limit as n → +∞ in the above inequality, we get
Since B is approximatively compact with respect to A, the sequence {Tx n } has a subsequence {Tx n k } that converges to some y * ∈ B. Hence,
and so z ∈ A  . Now, since
Taking the limit as n → +∞ in the above inequality and applying continuity of F, we have
Now, if we take u = d(z, w) and v = , then we have
Hence z is a best proximity point of T. Uniqueness follows similarly to the proof of Theorem .
Using Example  and Theorem  we obtain the following corollary. http://www.journalofinequalitiesandapplications.com/content/2014/1/365
Corollary  Let A, B be two nonempty subsets of a metric space (X, d) such that A is complete, B is approximatively compact with respect to A, and A  is nonempty. Assume that T : A → B is a nonself mapping satisfying the following conditions:
(i) T is an α  -proximal admissible mapping and
where L ≥ . Then T has a best proximity point. Further, the best proximity point is unique if
If in Corollary  we take b = c = d = , then we have the following corollary.
Corollary  Let A, B be two nonempty subsets of a metric space (X, d) such that A is complete, B is approximatively compact with respect to A, and A  is nonempty. Assume that T : A → B is a nonself mapping satisfying the following conditions: (i) T is an α  -proximal admissible mapping and T(A
where L ≥ . Then T has a best proximity point. Further, the best proximity point is unique if http://www.journalofinequalitiesandapplications.com/content/2014/1/365
and α(y, y) ≥ .
Example  Let X = R be endowed with the usual metric d(x, y) = |x -y|, for all x, y ∈ X.
Clearly, B is approximatively compact with respect to A and d(A, B) = . Then
that is, T is an α  -proximal admissible mapping and condition (iv) of Corollary  holds true. Moreover, if {x n } is a sequence such that α(x n , x n+ ) ≥  for all n ∈ N ∪ {} and x n → x as n → +∞, then {x n } ⊆ [-, -] and hence x ∈ [-, -]. Consequently, α(x, x) ≥  and α(x n , x) ≥  for all n ∈ N ∪ {}. Therefore all the conditions of Corollary  hold for this example and T has a best proximity point. Here z = - is the best proximity point of T. 
Then there exists z ∈ A such that d(z, Tz) = d(A, B).
By taking α(x, y) =  in Theorem , we deduce the following corollary. 
Corollary  Let
where F ∈ F . Then T has a unique best proximity point.
Using Example  and Corollary , we deduce the following result. 
Corollary  Let
where F ∈ F .
Theorem  Let A, B be two nonempty closed subsets of a metric space (X, d) endowed with a graph G. Assume that A is complete, A  is nonempty, and T : A → B is a continuous implicit relation type G-proximal contraction such that the following conditions hold:
(i) T(A  ) ⊆ B  , (ii) there exist elements x  , x  ∈ A  such that d(x  , Tx  ) = d(A, B) and (x  , x  ) ∈ E(G).
Then T has a best proximity point. Further, the best proximity point is unique if, for every x, y ∈ A such that d(x, Tx) = d(A, B) = d(y, Ty), we have (x, y) ∈ E(G).
Proof
, otherwise. http://www.journalofinequalitiesandapplications.com/content/2014/1/365
Firstly, we prove that T is an α  -proximal admissible mapping. To this aim, assume
Therefore, we have
Since T is an implicit relation type G-proximal contraction, we get (u, v) ∈ E(G). Also,
when L = . Thus T is an α  -proximal admissible mapping with T(A  ) ⊆ B  and con-
Hence, all the conditions of Theorem  are satisfied and T has a best proximity point.
Similarly, by using Theorem , we can prove the following theorem.
Theorem  Let A, B be two nonempty closed subsets of a metric space (X, d) endowed with a graph G. Assume that A is complete, B is approximatively compact with respect to A, and A  is nonempty. Also suppose that T : A → B is an implicit relation type G-proximal contraction mapping such that the following conditions hold:
(i) T(A  ) ⊆ B  , (ii) there exist elements x  , x  ∈ A  such that d(x  , Tx  ) = d(A, B) and (x  , x  ) ∈ E(G), (iii) if {x n } is a sequence in X such that (x n , x n+ ) ∈ E(G) for all n ∈ N ∪ {} and x n → x as n → +∞, then (x n , x) ∈ E(G) for all n ∈ N ∪ {}.
Then T has a best proximity point. Further, the best proximity point is unique if, for every x, y ∈ A such that d(x, Tx) = d(A, B) = d(y, Ty), we have (x, y) ∈ E(G).

Corollary  Let A, B be two nonempty closed subsets of a metric space (X, d) endowed with a graph G. Assume that A is complete, B is approximatively compact with respect to
A, and A  is nonempty. Assume a + b + c + d < . Also, suppose that T : A → B satisfies the following conditions:
Then T has a best proximity point. Further, the best proximity point is unique if, for every x, y ∈ A such that d(x, Tx) = d(A, B) = d(y, Ty), we have (x, y) ∈ E(G).
Corollary  Let A, B be two nonempty closed subsets of a metric space (X, d) endowed with a graph G. Assume that A is complete, B is approximatively compact with respect to A, and A  is nonempty. Also, suppose that T : A → B satisfies the following conditions:
where ψ ∈ Ψ . Then T has a best proximity point. Further, the best proximity point is unique if, for every
Some results in metric spaces endowed with a partially ordered
The study of existence of fixed points in partially ordered sets has been established by Ran section, as an application of our results we derive some new best proximity point results whenever the range space is endowed with a partial order. (X, d, ) be a partially ordered metric space. We say that a nonself mapping T : A → B is proximally ordered-preserving if and only if, for all
Definition  [] Let
x  , x  , u  , u  ∈ A, ⎧ ⎪ ⎨ ⎪ ⎩ x  x  , d(u  , Tx  ) = d(A, B), d(u  , Tx  ) = d(A, B) ⇒ u  u  .
Theorem  Let A, B be two nonempty closed subsets of a partially ordered metric space (X, d, ) such that A is complete, B is approximatively compact with respect to A, and A  is nonempty. Assume that T : A → B satisfies the following conditions: (i) T is continuous and proximally ordered-preserving such that T(A
Then T has a best proximity point.
Moreover, from (iii) we get
Thus all the conditions of Theorem  hold (when L = ) and T has a best proximity point. 
Theorem  Let A, B be two nonempty closed subsets of a partially ordered metric space (X, d, ) such that A is complete, B is approximatively compact with respect to A, and A  is nonempty. Assume that T : A → B satisfies the following conditions: (i) T is proximally ordered-preserving such that T(A
 ) ⊆ B  , (ii) there exist elements x  , x  ∈ A  such that d(x  , Tx  ) = d(A, B) and x  x  , (iii) for all x, y, u, v ∈ A, ⎧ ⎪ ⎨ ⎪ ⎩ x y, d(u, Tx) = d(A, B), d(y, Ty) = d(A, B) ⇒ F d(u, v), d(x, y), d(x, u), d(y, v), d(y, u), d(x, v) ≤ , (.) (iv) if {x n } is(i) T(A  ) ⊆ B  , (ii) there exist elements x  , x  ∈ A  such that d(x  , Tx  ) = d(A, B) and x  x  , (iii) if {x n } is a sequence in X such that x n x n+ for all n ∈ N ∪ {} and x n → x as n → +∞, then x n x for all n ∈ N ∪ {}, (iv) for x  , x  , u  , u  ∈ A  , ⎧ ⎪ ⎨ ⎪ ⎩ x  x  , d(u  , Tx  ) = d(A, B), d(u  , Tx  ) = d(A, B) ⇒ d(u  , u  ) ≤ ad(x  , x  ) + b [ + d(x  , u  )]d(x  , u  )  + d(x  , x  ) + c d(x  , u  ) + d(x  , u  ) + d d(x  , u  ) + d(x  , u  ) .(i) T(A  ) ⊆ B  , (ii) there exist elements x  , x  ∈ A  such that d(x  , Tx  ) = d(A, B) and x  x  , (iii) if {x n } is a sequence in X such that x n x n+ for all n ∈ N ∪ {} and x n → x as n → +∞, then x n x for all n ∈ N ∪ {}, (iv) for x  , x  , u  , u  ∈ A  , ⎧ ⎪ ⎨ ⎪ ⎩ x  x  , d(u  , Tx  ) = d(A, B), d(u  , Tx  ) = d(A, B) ⇒ d(u  , u  ) ≤ ψ max d(x  , x  ), d(x  , u  ), d(x  , u  ), d(x  , u  ) + d(x  , u  )  + L min d(x  , u  ), d(x  , u  ), d(x  , u  ), d(x  , u  ) ,
Application to fixed point theory
Implicit relation type modified α-contraction
Definition  [] Let T be a self-mapping on X and α : X × X → [, +∞) be a function. We say that T is an α-admissible mapping if
Remark  Note that every α-admissible mappings are α  -proximal admissible mappings
Definition  Let (X, d) be a metric space and α : A × A → [, ∞) be a function. Then T : X → X is said to be an implicit relation type α-contraction, if for all x, y ∈ X with α(x, y) ≥ , we have
where L ≥  and F ∈ F . http://www.journalofinequalitiesandapplications.com/content/2014/1/365
Theorem  Let (X, d) be a complete metric space. Assume that T : X → X is a continuous self-mapping satisfying the following conditions:
T is an implicit relation type modified α-contraction. Then T has a fixed point.
Theorem  Let (X, d) be a complete metric space. Assume that T : X → X is a selfmapping and the following conditions hold:
Then T has a fixed point.
Using Example  and Theorem , we deduce the following result.
Corollary  Let (X, d) be a complete metric space. Assume that T : X → X is a selfmapping and the following conditions hold:
(i) T is α-admissible, (ii) there exists x  in X such that α(x  , x  ) ≥  and α(x  , Tx  ) ≥ , (iii) for all x, y ∈ X with α(x, y) ≥  we have d(Tx, Ty) + Lα(x, x)α(y, y) ≤ ad(x, y) + b[ + d(x, Tx)]d(y, Ty)  + d(x, y) + c d(x, Tx) + d(y, Ty) + d d(y, Tx) + d(x, Ty) + L, where a + b + c + d <  and L ≥ , (iv) if {x n } is a sequence in X such that α(x n , x n+ ) ≥  and x n → x as n → +∞, then α(x, x) ≥  and α(x n , x) ≥  for all n ∈ N.
Then T has a fixed point.
Corollary  Let (X, d) be a complete metric space. Assume that T : X → X is a selfmapping and the following conditions hold:
where  ≤ a <  and L ≥ , (iv) if {x n } is a sequence in X such that α(x n , x n+ ) ≥  and x n → x as n → +∞, then α(x, x) ≥  and α(x n , x) ≥  for all n ∈ N. Then T has a fixed point. http://www.journalofinequalitiesandapplications.com/content/2014/1/365
Implicit relation type G-contraction
Definition  [] We say that a mapping T : X → X is a Banach G-contraction or simply G-contraction if T preserves edges of G, i.e.,
and T decreases weights of edges of G in the following way: αd(x, y) .
Definition  []
A mapping T : X → X is called G-continuous, if for given x ∈ X and sequence {x n } x n → x as n → ∞ and (x n , x n+ ) ∈ E(G) for all n ∈ N imply Tx n → Tx.
Definition  Let (X, d) be a metric space endowed with a graph G. Then T : X → X is said to be an implicit relation type G-contraction, if, for all x, y ∈ X, (i) there exists x  in X such that (x  , Tx  ) ∈ E(G), (ii) T is an implicit relation type G-contraction, (iii) if {x n } is a sequence in X such that (x n , x n+ ) ∈ E(G) and x n → x as n → +∞, then (x n , x) ∈ E(G) for all n ∈ N. Then T has a fixed point. (iii) either T is continuous or if {x n } is an increasing sequence in X such that x n → x as n → +∞, then x n x for all n ∈ N. Then T has a fixed point. (X, d, ) be complete metric space. Assume a + b + c + d < . Also, suppose that T : X → X is a self-mapping that satisfies the following conditions:
Implicit relation type ordered contraction
Corollary  Let
(i) there exists an element x  ∈ X such that x  Tx  , (ii) if {x n } is an increasing sequence in X such that x n → x as n → +∞, then x n x for all n ∈ N ∪ {}, where ψ ∈ Ψ . Then T has a fixed point.
